A dynamic model for the longitudinal axis of a conventional takeoff and landing (CTOL) aircraft is presented. Non-minimum phase characteristics in this model result from the fact that the process of generating an upward pitch moment produces a small downward force, causing the aircraft to lose altitude. The model is not full state linearizable and the internal dynamics which remain after input-output linearization using the coordinates of the center of mass as outputs are unstable. The CTOL model is not flat with respect to fixed points on the aircraft body. The nonlinear inversion technique [l] produces stable trajectories for the states of the internal dynamics, but the corresponding feed-forward force inputs required to track these trajectories are large. A p p~o ximate linearization techniques ([2], [3] ) which ignore the coupling between the pitch moment and the vertical and horizontal aircraft dynamics, may be used to calculate inputs of smaller magnitude.
Introduction
The congestion of aircraft in and around large urban airports strongly suggests the need to more efficiently land aircraft. Current air traffic management systems (ATMS) guide aircraft along well-traveled "freeways" in the sky around airports. Since these routes are not time optimal, delays in air travel result. Proposals for a new ATMS favor the concept of "free flight", since it is seen as a way of reducing flight time and decongesting airports without building any new runways.
Free flight is the ability of an aircraft to plan and fly its own optimum trajectory. With the sophisticated global positioning systems (GPS) and graphics displays that are currently being developed and incorporated into the autopilots of new aircraft, these For each flight regime, the trajectory tracker in the autopilot must be equipped with a sophisticated controller that forces the aircraft to track the desired trajectory segment with minimum deviation. The output tracking problem is complicated by the fact that the dynamics of maneuverable aircraft are nonminimum phase, meaning that input-output linearization of models describing the aircraft dynamics produce systems with linear input-output dynamics, but with unstable internal dynamics.
This paper is an investigation of exact and approximate output tracking methods in the context of aircraft dynamics. We consider a two-dimensional nonlinear model which describes the longitudinal axis dynamics of an aircraft in CTOL (conventional takeoff and landing) mode. This model is slightly nonminimum phase: the right half plane zeros of the linearized system are far away from the jw-axis. The presence of these non-minimum phase terms implies that conventional input-output linearization will perform very poorly when it comes to output tracking as it will render the unstable internal dynamics unobservable.
A number of methods have been proposed in the literature for output tracking of non-minimum phase systems. The work of [5] assumes that the trajectories are generated by a Poisson stable exo-system, which implies that the class of trajectories that can be tracked is rather restricted. The trajectories that we are considering are generated by the ATMS and cannot be directly related to a stable exo-system. In addition, this technique requires solving a partial differential equation which may be impossible to do in closed form. Finally, Jacobian linearization is used for stabilization, which may lead to vanishingly small domains of attraction [6] .
A different approach to the problem involves determining a set of outputs that make the system flat [7] . These are outputs that can be used to reconstruct The dynamic equations, normalized so that the aircraft mms, moment of inertia, and gravitational acceleration do not appear explicitly, are given by: e = u2, (6) tlnd the output of the system is the (2, 9) acceleration of the aircraft. In equation (5) above, R(a) and R (8) are rotation matrices of the form and the vector [0, -1IT accounts for the gravitational force.
the fact that the generation of an upward pitch moment produces a small parasitic downward force. This effect is modeled by the parameter E , which is a coupling factor between the pitch moment and the vertical acceleration g. For the DC-8 described above, the value of 6 is about 0.3. The control that linearizes the system from the external inputs "1, vz to the outputs 6, may be cal-
The non-minimum phase characteristic results from l h e internal dynamics of the system are the dynamics and y to be identically zero. We assume that the zero dynamics of the aircraft correspond to the aircraft flying at a constant altitude and a constant horizontal velocity, denoted by v. The zero dynamics of ( 5 ) , (6) may thus be calculated as One may deduce from the phase portrait that almost all initial conditions for (e, 0) will result in solutions which are unstable. For initial conditions outside the closed orbits, the pitch angle 0 follows an unbounded trajectory causing the aircraft to turn somersaults. For initial conditions starting on a periodic orbit, 0 stays on the periodic orbit and the nose of the aircraft is forced to oscillate up and down. The only stable solutions for (0,e) are ones that start on the stable manifold and end up at the saddle point.
The control law in (8) allows direct control of the output ( 5 , i ) , but renders the unstable pitch angle dynamics unobservable.
The Search for "Flat" Outputs
One approach to exact output tracking, which has been successfully used on systems with unstable zero dynamics, relies on choosing outputs that make the system '(flat" [7] , [8] . These so-called %at outputs are such that the system is full state linearizable by (possibly dynamic) state feedback. Through the use of such outputs and their time derivatives, the state trajectory of the system can be completely determined.
In [8], "flat" outputs are shown to exist for a planar model of a VTOL (vertical takeoff and landing) aircraft, taken from [2]. The outputs which make the system flat are the coordinates of a fixed point on the aircraft body, E close to the center of mass, where E is the magnitude of a parasitic coupling term similar to the one in the CTOL model. Because the system is input-output linearizable with respect to its flat outputs, it is easy to design a controller which forces the flat outputs to track a given trajectory. Typically, trajectories for the motion of rigid bodies are specified in terms of the coordinates of the center of mass. The trajectory fed to the tracker can be the one prescribed for the center of mass, or, alternatively, a stable inversion technique can be used to generate a stable full state trajectory compatible with the given trajectory for the center of mass. The former technique is easy to implement, but results in only approximate tracking (E close) of trajectories specified in terms of the center of mass. This technique has an advantage over the more conventional techniques for approximate tracking [2] in that only the tracking error and not the stability of the scheme relies on the magnitude of the coupling. The latter method produces exact tracking of these trajectories, but at the cost of a severe increase in the complexity of the calculations. Both methods are explored in detail in [SI.
Unfortunately, finding flat outputs is much more difficult for the planar CTOL model considered in this paper. The cause of this difficulty is the complicated dependence of the system state on the aerodynamic forces of lift and drag, forces that are not present or can be safely neglected in the VTOL model. Given the dependence of the aerodynamic forces on the angle of attack, it is likely that the flat outputs, if they exist, will have to depend on both 0 and a, and thereby on x and y.
4, Exact Tracking using Stable Nonlinear Inversion
Another approach to exact tracking is Devasia and Paden's inversion-based output tracking method [l].
The basis of the Devasia-Paden method is the solution of the stable inversion problem. Given a nonlinear system of the form
+(t) = f(+),t) + g ( W , t ) u ( t )
(10)
and a desired output trajectory, y d ( t ) , find a bounded control input ud(t), and a bounded state trajectory t d ( t ) , which satisfy the differential equation (10) and result in exact output tracking, meaning that y d ( t ) =
h(zd(t),t). The problem is reduced by first partially
linearizing the system using the coordinates of the center of mass as outputs, and then solving for a stable solution to the internal dynamics: and solving equation (13) iteratively, as
Vn+l(t) = d [ s ( r I o ( t ) , Y d t t ) -A(t)%(t)I (15)
where A is a linear operator, derived in [ l ] , which maps bounded desired trajectories Yd to bounded solutions of equation (12). For the CTOL model of equations (5) and (6) , the internal dynamics are the dynamics of the pitch angle. 8: 
= -&@W(t) (19)
(20)
The resulting linear approximation A ( t ) to the nonh e a r s (~, Y d , t ) is given by A ( t ) = a(t)+S.~ (t)s;l(t).
The iteration scheme of equations (14) and (15) is implemented as:
f(17/n(t)) = S(%(t),Yd,t) -A(t)Vn(t) (21)
where f ( v E (t)) is given by shown in Figure 4 . The feed-forward inputs required to track the trajectory can be calculated using equation (8); the input signal u2 is shown in Figure 4 .
The input u2 required to track the given trajectory is large in magnitude: this is not surprising, as the trajectory generated by the iteration scheme satisfies the internal dynamics equation, which involves division by the smallcoupling term E . A trajectory solution to the zero dynamics is obtained using a small parasitic force as an input to effect the vertical acceleration of the aircraft. Physically, this parasitic upward force is actually being used to "lift" the aircraft.
Clearly, large inputs like these are undesirable, as they will probably induce actuator saturation, which not only affects the tracking performance of the system but can also prove very dangerous in real aircraft. It should be stressed that the problem with the large input u2 is inherent to the trajectory itself and has nothing to do with the feedback law used to track it.
Approximate Linearization
In this section, the approximate linearization techniques of [2] and [3] are applied to the DC-8 model to produce a pitch moment of smaller magnitude. Tracking is necessarily approximate withthese methods, but if E is small then the approximation may be close enough to the desired trajectory.
HSM Method of Approximate Linearization
Consider the DC-8 aircraft model dynamics of equations (5) and (6), and let 2 and 5 denote the approximate outputs. In the approximate linearization technique of [2] , E is set to zero so that the coupling between the input u2 and the vertical acceleration is neglected. Equation (5) becomes: Figure 5 , where the block entitled F(.) represents the nonlinear dynamic equations of the aircraft. These calculations were implemented in MATLAB. A tracking control law for the approximate system was designed so that the dynamics of the tracking error obey: s4 + p3s3 + p2s2 + pis + P O = (S + A,)4 (27) where A, = 1.5. The simulation results of the pitch angle O ( t ) and the control input ua(t) are presented in Figure 6 , and the tracking errors are displayed in Figure 7 .
Benvenuti-Di Benedetto Method
The approximate linearization technique of [3] is again based on the existence of a minimum phase approximation to the non-minimum phase system. In this method, an approximation to the Jacobian linearization of the non-minimum phase system is constructed by removing the right-half plane real zeros while the other zeros remain in their previous locations. For slightly non-minimum phase systems, the right-half plane real zeros are of sufficiently large magnitude that the approximation will be close to the original system.
The method of [3] was applied to the DC-8 aircraft model of equations (5) and (6) . The calculations were implemented in MATLAB using the tracking control law of equation (27) . The simulation results of the pitch angle Q(t) and the control input uq(t) are presented in Figure 6 , and the tracking errors are d i s played in Figure 7 . Figure 6 illustrates that the control input 262 is indeed of smaller magnitude when generated by the approximate linearization methods, and while both of these methods exhibit good tracking of the commanded output, the HSM method leads to slightly better tracking of the desired altitude.
Conclusions and Future Work
Our results indicate that the problem of exact output tracking for slightly non-minimum phase systems is still largely unresolved. For the CTOL example considered here, physical considerations make it very hard to apply any of the standard techniques with satisfactory results. In particular, the nature of the trajectories that need to be tracked prevents us from using the regulator approach, as it requires trajectories to be generated by a stable exo-system. On the other hand, the role of the aerodynamic forces of lift and drag and the complicated way in which they depend on the state make it hard to find outputs that would make the system flat and to determine feedback laws for approximate tracking. Finally, the application of the stable inversion technique is complicated by the coupling between the mechanisms of force and moment generation and the requirement that the actuators do not saturate.
Our future work centers around refining the current exact tracking techniques so that they may be applied to the ATMS problem. Tracking through multiple flight regimes is also being investigated.
